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In most of the research and development activities, one of the biggest problems of engineers is the selection of the proper material which can satisfy all the technical and economical requirements. A group of Japanese scientists introduced a novel material called as Functionally Graded Material (FGM) in 1984 for the manufacturing of a thermal barrier to withstand very high surface temperature and work in severe operating conditions [1] . FGMs can be classified as advanced materials whose material properties vary continuously in the desired directions.
The advantages of using these materials over the conventional composites are avoiding the stress concentration, cracking and interface problems. FGMs have been using in many engineering areas such as military, aerospace, nuclear energy, biomedical, and electrical engineering for nano/micro devices. Researchers have been developed different theories and methods of analysis to predict and understand precisely their behaviours especially in very small scales. Due to its computational efficiency, the non-classical continuum approach has been used widely to analyse the size dependent behaviour of small scale structures. Yang et al. [2] proposed the modified couple stress theory (MCST) by modifying the classical couple stress theory [3] [4] [5] [6] and more importantly only one material length scale parameter is required. This theory has been used by the many researchers to analyse the bending, vibration and buckling behaviours of isotropic, laminated composite and conventional FG beams based on various theories such as Euler-Bernoulli beam theory, first-order beam theory (FBT), higher-order beam theory (HBT) as well as shear and normal beam theory or quasi-3D one . More details about size-dependent models including the MCST, non-local elasticity [44] [45] [46] [47] [48] [49] [50] [51] and strain gradient [52] [53] [54] can be found in recent works of Romano et al. [55] and Thai et al. [56] .
The conventional FGMs may not be effective for aerospace craft and shuttles in the severe operation conditions since the distribution of temperature and stress in these structures varies in two or three directions [57] . Therefore, 2D-FG beams whose material properties vary in two directions are proposed. Goupee and Vel [58] optimise the first three natural frequencies of 2D-FG beams using the element free Galerkin method. Elasticity solutions for static bending and thermal deformation of 2D-FG beams are derived by Lu et al. [59] using the combination of state space approach and differential quadrature method. Zhao et al. [60] study bending and vibration analysis of 2D-FG beams by using a symplectic elasticity solution. Simsek [61] [62] investigates free, and forced vibration as well as buckling of Timoshenko 2D-FG beams, whose material properties follow the power-law distribution. Karamanli [63] presents the static behaviour of 2D-FG beams by using various theories. The coupled thermo-mechanical response of 2D-FG beams is studied by Nazargah [64] via finite element method (FEM). Pydah and Batra [65] derive an analytical solution for deflections of the 2D-FG circular beams. Karamanli [66] studies the flexure behaviour of the 2D-FG sandwich beams by using a quasi-3D theory and a meshless method. Some recents contributions dealing with the Saint-Venant beams can also be found in [67] [68] [69] . Regarding to the studies based on the non-local classical methods, the bending, vibration and buckling problems of 2D-FG nanobeams are analysed by Nejad et al. [70] [71] [72] . Shafiei and Kazemi [73] present the buckling behaviour of 2D-FG porous tapered
Euler Bernoulli micro/nano beams. By using the FBT, the vibration of imperfect 2D-FG micro/nano beams is investigated by Shafiei et al. [74] . Recently, the vibration behaviour of 2D-FG microbeams with arbitrary boundary conditions is presented by Trinh et al. [75] using the HBT and quasi-3D theory based on the MCST. According to the best of the authors' knowledge, there is no study dealing with the flexural behaviour of the 2D-FG microbeams with various boundary conditions using a quasi-3D theory. This complicated problem is solved here for the first time by FEM, which is also the main novelty of current paper. Numerical examples are presented for various aspect ratios, gradient indexes and material length scale parameters to investigate the flexural behaviours of the conventional FG and 2D-FG microbeams with arbitrary boundary conditions.
Theory and Formulation

Two Directional Functionally Graded (2D-FG) Microbeams
A 2D-FG microbeam with rectangular section (bxh), length (L), and its bending plane as x-z is illustrated in Fig. 1 . It should be noted that only microbeams under uniaxial flexure are considered in this study. The material properties vary both longitudinal and thickness directions. The rule of mixture is used to estimate the Young's moduli E and Poisson's ratio : 
Where 1 and 2 are Young's moduli, 1 and 2 are Poisson's ratio, 1 and 2 are volume fractions of two constituents. According to the power-law rule, the relation of 1 and 2 can be given where
here and are the gradient or power-law indexes in x-and z-direction.
By using Eqs.
(1)-(3), Young's moduli E and Poisson's ratio can be found by as follows:
Modified Couple Stress Theory (MCST)
According to the MCST, the strain energy ( ) of a deformed isotropic linear elastic body occupying a volume can be written as follows [1] :
where is the stress tensor, is the strain tensor, is the deviatoric part of the symmetric couple stress tensor and is the symmetric curvature tensor. The components of are given by:
where is the components of the rotation vector related to the displacement field ( 1 , 2 , 3 )
as:
where is the permutation symbol.
Kinematics and Constitutive Relations
The effects of shear and normal deformations are included in the displacement field below [43, 60, 63, 69] : 
where , , and are the mid-plane displacements of the axial, bending, shear and thickness stretching components. The prime notation is used to represent the derivative of the displacements with respect to x.
The nonzero strains can be written as:
The rotation vector can be obtained by using Eqs. (7) and (8):
= 0, = 0 (10 )
By using Eq. (10), the components of the symmetric curvature tensor can be written as:
The following linear elastic constitutive relations for 2D-FG microbeams can be written:
where ℓ is the material length scale parameter [1] , which can be determined from microscale experiments (i.e., microtorsion or microbending tests) [43, 54] .
Variational Formulation
The strain energy of a 2D-FG microbeam can be written based on the displacement field given above as:
The following form of the strain energy can be written by substituting Eq. (12) into Eq. (13):
where The potential energy by the uniformly distributed load q(x) is given by
Using Eqs. (14) to (17), the total potential energy (Π) can be written in the form of:
Finite Element Formulation
A two-node C 1 beam element with seven degrees of freedom is developed. According to the variational statement given in Eq. (18), the axial displacement must be only once differentiable and is expressed over each element by a linear polynomial whereas the bending, shear and thickness stretching components, , and , must be twice differentiable and are expressed by a Hermite-cubic polynomial . The displacement functions (x), ( ), ( ) and ( ) within an element are presented as:
Substituting Eq. (19) into Eq. (18) and then using the principle of the minimum potential energy given by Eq. (20) , the system of equations to be solved for unknown variables are obtained.
The system of equations can be expressed as the finite element model of a typical element: 
It should be worth noting that the x which is given in the equations above must be modified according to the location of each element in the problem domain.
Numerical Results
In this section, a number of numerical examples are presented for various aspect ratios, gradient indexes and material length scale parameters to investigate the flexural behaviours of the conventional FG and 2D-FG microbeams with arbitrary boundary conditions, namely simplysupported (SS), clamped-clamped (CC) and clamped-free (CF). The kinematic boundary conditions are given in Table 1 ( , ) for CF beam (23 ) and their dimensionless axial, normal and shear stresses are given by:
Flexural analysis of FG microbeams
This section is dedicated to study the static deformations of the conventional FG microbeams.
All the equations needed for this part can be obtained by setting = 0 in Eq. (22 with those from a previous study [43] , which was performed with the present quasi-3D theory and Navier solution based on the MCST. Different number of elements (6, 10, 20, 30 and 40) are employed to test the convergence of the develop code based on the mid-span deflections.
Numerical results are obtained for various thickness to material length scales, gradient indexes and aspect ratios. As it is seen from Table 2 , the obtained results show excellent agreement with those from the previous study. It is clear that the numerical results computed by employing 20 elements are satisfactory and thus this number of elements is used from now on to carry out the extensive analysis of the FG microbeams.
The deflections of FG microbeams for various boundary conditions are presented in Tables 3   and 4 . It should be noted that results of macrobeams (ℎ/ℓ = ∞) are also given to compare with previous results [76] using the same theory. It can be seen that the present results agree well with previous ones for macrobeams. As expected, an increment on the aspect ratio increases the deflections. It is explicit that the deflections increase as the gradient indexes and the thickness to material length scale increase. Due to the strong size effect, the lowest deflections are always obtained when ℎ/ℓ = 1. This is due to the fact that the strong size effect changes the mechanical properties of the microbeams and produces an increase on their stiffness.
The variation of the axial, normal and shear stresses of CF FG microbeams are plotted in Fig.   2 for various gradient indexes and two thickness to material length scales, ℎ/ℓ = 1 and ℎ/ℓ = 8. It should be noted that the maximum axial and normal stresses increase when the gradient index increases. The axial stress is tension on the bottom of the beam. However, the maximum axial stress which is at the top of the beam is compression. As it is expected, the zero traction boundary conditions are satisfied by using the present quasi-3D theory. Because of the strong size effect, all stresses for ℎ/ℓ = 1 are lower than those for ℎ/ℓ = 8. For ℎ/ℓ = 1, the maximum shear stress is obtained when = 1, however, and for ℎ/ℓ = 8 it is observed when = 2.
Figure 2 Right Here
Flexural analysis of 2D-FG microbeams
Since there is no data in the literature for the deflections of 2D FG microbeams, verification studies are carried out for simply supported 2D-FG beams under uniformly distributed load.
The numerical calculations are obtained by setting as 1. The results are given in Table 5 along with those obtained from previous study [66] . An excellent agreement with the previous results can be observed. The mid-span deflections of the SS and CC 2D-FG microbeams and the tip deflections of CF 2D-FG microbeams are presented in Tables 6-9 . It is clear that the results decrease as the aspect ratio increases. One may easily notice that they increase for all type of end conditions while the gradient indexes increase. It is seen that the increment in the deflections with respect to variation of the gradient index in the x-direction is larger than that in the z-direction for all type of end conditions. It is found that the deflections increase as ℎ/ℓ increases. It is clear that the strong size effect significantly affects the transverse deflections.
This indicates that with the inclusion of couple stress, rigidity of the 2D-FG microbeam is increasing. Some new results for deflections of 2D-FG microbeams in Tables 6-9 
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The variation of the axial, normal and shear stresses of the CC 2D-FG microbeams is plotted in
Figs. 4 to 6 to show the effects of the gradient indexes in both directions and the thickness to material length scale parameters. According to these figures, as the gradient index in the zdirection increases the maximum stresses increase. On the other hand, the maximum axial and normal stress decreases while the gradient index in the x-direction increases. It is explicit that the effect of the gradient index in the z-direction on the axial and normal stresses is more than the gradient index in the x-direction. Due to the strong small size effect, the effect of the both gradient indexes on the axial and normal stresses is more significant for lower ℎ/ℓ than higher one. It is found that as the gradient index in the z-direction increases, the maximum dimensionless shear stress decreases (Fig. 6) . Besides, the variation of the gradient index in the x-direction has different effect on the shear stress which depends on the thickness to material length scale. It is observed that the maximum shear stress value is obtained with the gradient index in the x-direction as 5.  As the gradient indexes increase, the deflections increase for all type of boundary conditions, aspect ratios and thickness to material length scale parameters.
 The increment in the deflections because of the gradient index variation in the xdirection is more than the gradient index variation in the z-direction for all type of boundary conditions.
 The influence of the gradient index in the z-direction on the axial and normal stresses is more pronounced than the gradient index in the x-direction.
 Due to the strong small size effect, the effect of the both gradient indexes on the axial and normal stresses is more significant for lower thickness to material length scale parameter.
 To meet the design requirements, the flexural behaviour of the 2D-FG microbeams can be controlled by selecting suitable gradient indexes. 
